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Abstract. We introduce a contact model with evaporation and deposition of particles at rates
p and (1- p), respectively, per occupied lattice site; while the deposition probability on empty
sites depends on the number of occupied nearest-neighbour sites. At large tiimsanodel has
three different phases, separated by two critical poipis & % and py. = 0.6473=+ 0.0003).

Such phases are: (i) The growth phaseq® < %). Here the mean value of particles per

lattice siten and its fluctuationsv always increase as time increases. However, two different

regimes can be observed, thatis- t andw ~ ¢¥/2, for 0< p < 3; while just atpy. one has

n ~w ~ tY2, (i) The steady-state phasé (< p < p2c), in whichn andw reach finite non
trivial (» > 0 andw > 0) values, but both quantities diverge for— 1/2* as(p — %)*1. (iii)

The inactive (or vacuum) state4. < p < 1), for whichn = 0. At pp. the system exhibits

an irreversible phase transition which belongs to the universality class of directed percolation
model, so forp — p,., n ~ (pac — p)P2 andw ~ (pa. — p)P2/2, with B, ~ 0.277. Transitions
between phases are continuous, however, the transitipa,. dtp2.) is reversible (irreversible),
respectively.

1. Introduction

Far from equilibrium reaction systems undergoing irreversible phase transitions, generically
classified as ‘interacting particle systems’ [1, 2], is a field that continues to attract great
interest from physical and biological scientists. The occurrence of transitions between an
active stationary state and an inactive absorbing one is the common feature of many systems
which arise in diverse areas such as catalysis (absosbpgjsoned) [3, 4], stochastic growth

such as directed percolation (absorbiagio-percolating) [5], dynamic evolution of living
societies (absorbing= dead) [6], forest fire propagation (absorbiggfire extinction) [7],
damage spreading (absorbiagfrozen) [8], etc. Within this context, the contact process,
earlier proposed by Harris [9] as a model for an epidemic, is the archetype model for the
study of irreversible phase transitions [1, 2].

In the standard one-dimensional contact process [1, 9] each site of lattice can be either
empty or occupied by only one particle (a monolayer) and the evolution of the system is
governed by the following rules. Particles are annihilated at paiedependent of the
state of other sites, and empty sites become occupied at%ra)tel, provided that one
or two nearest-neighbours are occupied, respectively. As there is no spontaneous creation
of particles, for largep the system can become trapped in a state with zero particles (the
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vacuum or absorbing state). For sufficiently smalthe system reaches, at large times, a
steady-state regime with a non-zero average particle density (the active state). At a critical
value p. the system presents a continuous irreversible phase transition which belongs to the
same universality class of directed percolation model.

On the other hand, the study of interfaces is one of the most active areas in physics
and physical-chemistry (for a review see e.g. [10]). In particular, the structure of a non-
equilibrium interface and the dynamic of its roughening are issues of considerable interest.
The phenomena of wetting [11], the surface structure of diffusion-limited-aggregates
[12], the structure of domain walls in lattice spin models [13], etc, are some examples.
Furthermore, the study of rough interfaces upon thin film growth [14] has lead to the
formulation of many multilayer growth models involving random deposition of particles,
random deposition with surface diffusion, ballistic deposition, etc; see e.g. [15, 16] and for
a recent review see [10].

The aim of this work is to propose and study a generalization of the standard contact
process by allowing the creation of new particles in each occupied lattice site at +atg.(1
This creation of particles can be thought of as a deposition process in occupied lattice sites.
Then, the sites can be occupied by many particles and a multilayer structure appears. The
time dependence of both the mean value of particles per lattice: sited its fluctuations
w (which characterize the roughness of the interface), are studied for all valyes lof
is found that the proposed model exhibits a complex and rich critical behaviour. In fact,
it is observed a reversible phase transition between a growing state where the interface
diverges and a stationary state where the interface remains finite. These regimes are studied
analytically and exact results are derived. Furthermore, an irreversible phase transition
between the stationary state and a vacuum absorbing state is also observed. This transition
is studied by means of numerical simulations and belongs to the universality class of directed
percolation.

2. The model and the Monte Carlo simulation

The multilayer contact process (MCP) is a continuous-time Markov process in which at
time ¢ each site of a lattice (typically thed-dimensional hypercubic lattic&?), is either
vacant or occupied by;(¢) particles.

At each Monte Carlo step one site of the system (for example, j3ite randomly
chosen and the following situations may appear: (i) If the chosen site is empty, it is
occupied g; = 0 — n; = 1) with probabilitym/q, whereq is the coordination number
of the lattice andn is the number of nearest-neighbour occupied sites. (ii) If the site is
occupied, one particle of the columnis either eliminatedn; — n; — 1) with probability
p, or one particle is deposited;(— n; + 1) with probability 1— p.

Since particles can only be created by other particles, the vacuum state is absorbing as
in the standard contact process. However, in contrast to that process, in the MCP multiple
occupancy of lattice sites is allowed, i.e. rule (ii). As it will be shown below, for large
times and depending on the valuegfeither the number of particles in the system diverge
with time, or the system reaches a steady-state regime where the number of particles per
lattice site remains bounded.

Exact results for the MCP are derived for the divergency of the average number of
particles and the interface width. Close to the vacuum state some exact results are also
obtained, but the location of the critical point has to be made by means of a numerical
Monte Carlo approach. For this purpose simulations in one-dimensional lattices df size
are performed, assuming periodic boundary conditions. In the algorithm, after each Monte
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Carlo step the time is increased by AL so that, at each unitary time interval, every site
of the lattice is selected, on average, once.

3. An equation for the density of particles

It is possible to derive a differential equation for the global densigs a function of time
t, by analysing all possible processes that can take place in a single timé step

The global density: is obtained averaging over all lattice sitegr) = (n; (z)). Also, let
s; () be the occupation number of sit€1 if occupied, 0 otherwise). The mean occupation
number of the lattice is then(t) = (s;(1)).

Knowing n; (¢) it is possible to find an expression for the mean value of the number of
particles in site at timer + §¢ in one dimension,

. 1 1
ni(t +48t) =n; (1— L) +[mi+DA-p)+ (1 — 1)17]31'2

1
+(si—1/2+ si41/2) (1 — si)z 1)

where YL is the probability of choosing sitein a Monte Carlo step and is equal to the
time stepsz. Notice that the time dependencerinands; has been dropped for simplicity.
equation (1) accounts for the following possibilities: (a) the sitis not selected (first
term of the right-hand side), (b) the siteis occupied and the process of deposition or
evaporation takes place (second term), and (c) thei Skeempty and becomes occupied
due to the contact process of occupied neighbouring sites.

Averaging equation (1) over lattice sites, it follows:

%: (1-2p)s+3A 2)
whereA = (s;_1(1 — s;) + (1 — s;)s;11) IS the density of pairs of sites that are occupied-
empty or empty-occupied. The first term on the right-hand side of equation (2) represents
the changes im due to evaporation of particles with probabilipy(rate of change equal to
—ps) and deposition of particles in occupied sites with probability p (rate of change
(1 — p)s). This term is positive or negative whethgris smaller or greater thaé. The
second term is zero or positive and represents the lateral growth in empty sites due to
occupied neighbours. Equation (2) can be easily extended domensions changing the
definition of A: A/2 = ((1—s;) ), si')/q, where)_,, s, is the sum over nearest neighbours
of site i, and ¢ is the coordination number. With this change, all the analytical results
presented in sections 4-6 hold.

4. Casep < pi. = 3

For p < % from equation (2) it follows that«/dr > O for all time. The density: always
grows and after a certain time there are no more empty sites. For large enough timgs,
A=0,and @&/dr =1— 2p, so,

n = constant4- (1 — 2p)¢ for larger. )

The system is reduced to a random evaporation—deposition process with no lateral growth.
In figure 1 the prediction of equation (3) is confirmed via numerical simulations pFei0
the random deposition model [15] is recovered. Sincepfor % and large timesA = 0,
there are no correlations between the columns as in the case of a random deposition, and

then, the fluctuationsy = ,/(n?) — (n;)2 grow ast?/2,
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Figure 1. Densityn againstt in log—log scales fop < % The points correspond to numerical

simulations and the lines correspond to equation (3) with consta@t From top to bottom:
p=01(©), p=02(®), p=03 (), andp = 0.4 (W). The numerical results of this figure
and those shown in figure 3 were obtained using lattices of lehgth 10* and starting with
each site of the lattice occupied by one particle with probabgiiy

Figure 2. Diagram of the number of particles in a portion of the lattice in the cage= %
When a fluctuation reaches the bottom of the diagram, a particle can enter the system due to
the lateral growth process.

5. Casep = p1. = %

In this case, from equation (2) it follows,

dn 1
dr 2 orp Plc 2 ()

this equation indicates that will always grow, or will be a constant iA were 0. Let us
suppose that the lattice is completely occupied (with a given densityn > 1 Vi), so that
A = 0. Due to the evaporation with probability = % and the deposition with probability

1-p= % every site behaves as a random walk, up or down with equal probabilities.
In this process, fluctuations grow ast*2. There will be a time for which a fluctuation
reaches the bottom (see figure 2), and an empty site is created. The empty site is surrounded
by occupied sites, and is occupied in average with probability 1 in the unit interval of time
because of the lateral grow process. So, when a fluctuation produces an empty site, one
hasA > 0, andn grows (see equation (4)). Of course, fluctuations of the order afe

necessary in order to produce empty sites. The dengitlye mean value of the columns in
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figure 2) grows if the fluctuations also grow. Since the fluctuations grow¥/4sit follows

thatn ~ /2. On the other hand, one can obtain this behaviour working in the continuous
limit. The fact that when the fluctuation reaches the bottom the empty site is occupied,
corresponds to a random walk with reflecting boundary conditions at the bottom. The
probability density of having a column of heightat timer is P(y, ) and the corresponding
equation isd P/dt = D 92P/dy?, with the diffusion constanD = % in the present case.

Then, imposing thatP(y,0) = §(y), it follows that P(y,t) = exp(—y?/2t)/(wt/2)Y2.
Assuming that the space average is equal to the average in configurations, one obtains that
n=(n;)= [y yP(y,1)dy. Then,

n= |2 )
T

In the same way, one calculateg’) to find the fluctuation

w— (1_j)t. ®)

For other initial conditions, equations (5) and (6) hold asymptotically for large times. From
equations (4) and (5),

A= 2. @)

In the discrete case of our model, the previous results hold also for large times. Figure 3
shows plots of:, w, andA as functions of time in log—log scales. The numerical simulations
confirm the mentioned results.

20F T T T T T

log W log o log ; 0A

1 : 1 . ! N
0 1 2 3

log1 Ot

Figure 3. Plot of numerical results of (O), w (O) and A (W) as functions of time in log—log
scales forp = % The upper, middle, and lower straight lines correspond to equations (5)—(7),
respectively.
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6. Casep > pic = %

In this case the evaporation rate is greater than the deposition rate, so the first term in
equation (2) is less than or equal to zero. The second term, representing the lateral growth, is
zero or positive. A steady state is reached when both processes are balanagf se @.
For p > % and p lower than a critical probability,., the density: is greater than zero in
the steady state. Fqr > py., n, s and A are equal to zero.

It is possible to find relations betweans and A in the steady state. From equation (2)
it follows,

A
s = (8)
ap-1
Let u; be the density of sites witli particles. Then, a set of equations for can be
derived following the procedure used with equation (1),

duo A

- = Ul — —

dr pia 2

dul + + A

=y, P

dr 1T puz 2

du

(th =1 — p)uy — uz + pus ©)
duj

o = Q=P —uj+ puja

In the steady state the time derivatives are equal to zero in equation (9); so a system of
linear equations is obtained. It can be proved by induction that the solution of the system

is

A (1 -1

Uj= — ( — 1) for j > 1. (10)
2p

The values of; are probabilities. Assuming that the space average is equal to the average
in configurations, one has= (n;) = Zj?'iljuj, o)
_sp
2(p 3)
where equation (8) has been used to relatands. From the probabilities; it is possible
to calculate the second-order momentufm?) = > j?u;. Now, the mean value of the
fluctuations,w? = (n?) — (n;)?, is obtained giving

_ sp(L—sp)
W= . (12)
2(p — Q)
For p — pi. there are very few empty sites. So, as it can be observed in figure 4, one
hass — 1 for p — pi. Then, in this limit one has, from equations (11) and (12), that
1 1
~— wxY ——
A(p — pr) A(p — pac)
In figure 5 the behaviour of equation (13) is compared with numerical simulations and the
agreement observed is excellent.

(11)

for p > pi. (pr.=3). (13)
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Figure 4. The mean occupation numberagainst the probability in the steady state regime.
The numerical results of this figure and those shown in figure 5 were obtained at-tirbe 10*
and using lattices of length = 10%.

So, for p < pi. the MCP exhibits a growing phase where both the average global
density and the interface roughness diverges with time, however foip;,. those quantities
remain bounded. Notice that this transitionréversiblein contrast to the transition into
the absorbing state which igeversible

For p — p,., i.e. close to the irreversible transition into the vacuum statean be
taken as the order parameter, so one expectsnthat(p,. — p)?2, where g, is the order
parameter critical exponent. From equations (11) and (12),

s~ (pac — p)P? w~ (p2. — p)??  for p— pj. (14)
For p > p2., as stated before,, s, A andw are equal to zero.

7. Analysis of the irreversible transition to the vacuum state

As discussed above, just pt. the system exhibits a continuous irreversible phase transition
from the active stationary state to an inactive vacuum state. The precise location of the
critical point as well as the evaluation of relevant critical exponents cannot be achieved
using the analytic solution developed in the previous sections. This task can be done
by mean of computer simulations. However, due to fluctuations of the stochastic system
close to criticality, standard approaches are not useful because the system can irreversibly
be trapped by the vacuum state. This shortcoming can be avoided performing dynamic
epidemic analysis introduced by Grassberger and de la Torre [17]. For this purpose, one
generates a lattice completely empty except for a nearest-neighbour pair of occupied sites
at the centre of the lattice, i.e. a configuration very close to the vacuum state. Starting from
this configuration a large number of independent runs are performed for different values of
p close to criticality. The measured quantities are: (i) the survival probatility, that

is, the probability that the lattice has not entered in the vacuum state after;tifinethe
average number of occupied sit&¥gr); and (iii) the average mean square distarR&(),

over which the occupied sites had spread. Results are not affected by finite size artefacts
since lattices are taken large enough such as the epidemic never reaches the edges. At the
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1.0

(a)

0.8+ -1

Figure 5. Numerical results ofg) n~1 and b) w~! against the probability in the steady state
regime. In a region negr = 2 the behaviour is well represented by the lines which correspond
to equation (13).

critical point and for large values of the following scaling ansatz should hold:

P(t) xt™? (15)
N(t) oct” (16)
R?(t) o t°. (17)

Thus, whenp = p,., log—log plots ofP(¢), N(t) and R?(t) will asymptotically show a
straight line behaviour, while off-critical points will exhibit curvature (see figure 6). With
the aid of these plots the critical point is locatedpat = 0.6473+ 0.0003 and from the
slopes of the plots the estimates for the critical exponents are

8 = 0.16054 0.0005 n = 0.3083+ 0.0005 z = 1.2644+ 0.005

These figures are in excellent agreement with the values obtained by mean of computer
simulations for the standard contact process, i.e.

8 =0.161+£ 0.003 n = 0.305+ 0.005 z =1.2574+0.005
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Figure 6. Log-log plots of &) the number of occuppied siteé(z); (b) the survival probability
P(r); and €) the average square distance of spreaddi¢) versus timer, obtained close to
criticality. Upper curves:p = 0.6470 (supercritical), medium curveg: = 0.6473 (critical)

and lower curvesp = 0.6474 (subcritical). Averages are taken over Mifferent initial
configurations.

as well as with the exponents corresponding to directed percolatich-inl) dimensions,
8§ =0.160 n = 0.308 z = 1265

It should be noted that the dynamic exponents are not fully independent since the scaling
relation A = dz — 2n — 48 = 0 is expected to hold [17]. Using the obtained exponents one
obtainsA = 0.005, which in fact shows the validity of the scaling relationship.

After determining accurately the critical point, one can gain further insight of the critical
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behaviour of the model performing epidemic analysis within the subcritical (vacuum) state
where the following scaling law should hold [17],

N(t) ~t"W(|p — plt™) (18)

wherev is the correlation length exponent in the so-called time-direction. In the vacuum
state the correlations are short-ranged and one therefore eXpegt® decay exponentially.
This can only happen if foaAp = p — p. — 0 andt — oo, the scaling function behaves

as

W (y) oy "™ exp(—ky™) (19)
wherek is a constant. Therefore, using equations (18) and (19) it follows
N(t) ~ (Ap)~ " exp[=k(Ap)"t]. (20)

From equation (20) it follows that in the vacuum staté) should decay exponentially
and that the decay constantgoverning the long-time behaviour is proportionaktep)”'.
Figure 7@) shows that in plots of ItV (¢) versusr one can see asymptotically a straight line
behaviour with slopé.. In fact, this statement is confirmed in figureby (vhere a log—log
plot of A versusAp gives a straight line and from the slope one can evaluate the exponent
v = 1.728+£0.0052, in agreement with the accepted value for directed percolatidntit)
dimensions, i.ey; = 1.733 [18].

Furthermore, using the scaling relationship [B7} v, one can obtain an estimation
of the order parameter critical exponent which giges= 0.2773 in agreement with the best
available estimated for directed percolation obtained by series analysi8,=&.27636)
(where the error bars account f8rvalues determined using different lattices and for bond
and site directed percolation) [19]. So, according to equation (14), the fluctuation of the
interface vanishes with exponef/2.
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Figure 7. (a) In-lineal plots of the number of occupied sit@&(r) versus timer, obtained

within the subcritical regime for different values pf Upper curvep = 0.6513, medium curve
p = 0.6623 and lower curvep = 0.7250. The critical probability ig,. = 0.6473. Averages are
taken over 18 different initial configurations. k) Log-log plots ofi versusAp. The straight

line has slopey = 1.728.

8. Conclusions

A multilayer contact model defined in section 2 is introduced and studied by means of
analytical and numerical approaches in one dimension. The evolution of the system as a
function of timer depends on a free parametgrwhich governs the creation (deposition)

and annihilation (evaporation) of a single particle (at ratand (1— p), respectively) in
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each occupied site. Due to the deposition mechanism on already occupied sites multilayer
structures can appear, in contrast to standard contact process.

By means of analytical results and Monte Carlo simulations it is found that in the
asymptotic time regime the model exhibits a rich critical behaviour with three different
phases:

(i) The growing phase for & p < p1. = % Here the mean value of particles per lattice
site n and its fluctuationsy diverge with time according ta ~ (1 — 2p)t andw ~ r%/2;
forO< p < % This behaviour corresponds to a random deposition model with an effective
rate of deposition (- 2p). However, just atpy., n ~ w ~ t¥2. These results, obtained
analytically have been confirmed by Monte Carlo simulations.

(i) The steady-state phas@i < p < pa.), in whichn and w reach finite non-zero
values. Forp — pi, n andw diverge as(p — 3)~%; while for p — p;., n andw vanish
as~ (p2. — p)?2 and~ (p,. — p)P?/?, respectively, wherg, is the order parameter critical
exponent of the universality class of directed percolation.

(iii) The inactive (or vacuum) statepf. < p < 1), for whichn = w = 0.

The transition between the growing phase and the stationary one is continuous and
reversible In contrast, the transition between the stationary phase and the absorbing state
is irreversible It is also shown, by means of an epidemic spreading analysis that the
continuous irreversible phase transition gt belongs to the same universality class as
directed percolation.

As a final remark, let us comment that the present model depends on a single parameter
p, Which corresponds to the evaporation rate of the standard contact process. The deposition
probability is 1— p. One can generalize the present model introducing an additional
independent paramenter, the deposition probahjlitfrhen, the probability of no change in
the number of particles is4 p — g. In the (p, g) plane, this new model is defined within
the triangle given byp > 0,¢ > 0, andp + ¢ < 1. The linesg = 0 andg = 1 — p in this
triangle correspond to the standard contact process and to the model defined in section 2,
respectively. In this generalization, equation (2) changes:falid= (¢ — p)s + A/2 (for a
one dimensional system). Then, fger> p one obtains: = constantt (¢ — p)t, for large
t (n ~t andw ~ t¥/2, see equation (3)); anph.(¢) = ¢ > 0 is a critical line between the
growth phase and the steady-state regime-(w ~ t'/2, see equation (4)). In the region
p > q acritical line p,.(¢) appears, which corresponds to an irreversible transition between
stationary and vacuum states. This transition belongs to the universality class of directed
percolation.
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